This paper deals with the problem of modeling, initialization, and control of mobile robots formation. We suggest to use a new family of methods that consists of a combination between classical guidance laws and kinematics rules. These methods allow modeling and controlling a dynamic robotic formation using sets of differential equations that give the relative motion between the robots. These differential equations give the range rate and the visibility angle between leaders and followers. Graph theory is used to store the relationship leader-follower and plan the formation by using three different matrices. The configuration of the formation is based on these matrices. Initialization of formation is also considered, where different approaches are suggested. Because of the nature of the kinematics laws, it is easy to model, initialize, and keep any formation shape. Simulation is provided to illustrate the method.
Introduction
Swarm intelligence is an important part of distributed artificial intelligence, where teams of autonomous agents are used to accomplish various difficult and complex tasks in a cooperative fashion. Over the past decade, different models of team formation and cooperation have been suggested and studied in the literature. The pattern formation problem can be defined as a cooperative behavior between various robots that allows the robots to move in a stable configuration. Controlling the formation of air and ground vehicles is becoming an important research topic in the robotics and control communities. The ability of mobile robots to navigate autonomously in a stable configuration and avoid obstacles is central to various applications in both the military and civilian domains. These applications range over transportation, exploration, surveillance, and rescue. Various multirobot configurations are used for distributed sensing and coverage. Pattern formation is observed in birds (flocks), fish (schools) and herds. This topic has attracted researchers from different areas such as control theory, computer science, biology and physics, where, in general the agents (particles) are requested to perform different types of operations and motions. Various topics are discussed in the literature:
1. Modeling different types of formations of multirobot systems.
2. Design control laws for formation keeping, stabilization, and initialization. Formation in complex and unstructured environments.
Formation under different types of constraints
and limitations, such as the nonholonomic constraint, limited sensing and communications capabilities, and large scale formation.
Formation modeling goal's is to model the formation using mathematical and/or graphical tools. This task is a necessary step for the control algorithm. The main goal of the formation model is to establish the relationship between different elements in the formation. Even though the formation is seen as a whole, modeling allows to perform coordination between elements. Coordination is a real time process that can be accomplished based on sensing or communication. Formation modeling has the following task objectives:
1. Deduce the relationship between different agents in the formation, coordination, and communication channels. Capture the architecture of the formation 2. Decide the formation modes by establishing a switching mechanism between modes in real time.
Formation Control aims to develop control architectures and algorithms that allow to plan and control the formation. Path following is an important aspect of formation control, where it is necessary to ensure that the trajectory of each vehicle is tracked with a desired precision by the actuators system. Collision avoidance is another important aspect that must be taken into account. The control block requires information regarding the formation architecture and the environment. This information is obtained through sensing or communications between agents. Formation control satisfies the following task objectives:
1. Robustness: Formation should be robust even under faulty conditions. This includes robustness to external noise and unmodeled dynamics.
2. Autonomous operations and mode switching, since the vehicles move in different modes, it is necessary to switch between modes in an autonomous fashion.
3. Cooperative behavior between agents and the stability of the formation. Dynamic and kinematics constraints must be taken into account.
Here we provide an analytical study with computational tools of methods that allow the representation and construction of formations of many vehicles performing various types of motions. The modeling is based on the relative kinematics equations, and graph representation. This approach allows to model different architectures for formation dynamics. The control law is distributed and allows to perform both lose and tight formations. Initialization of the formation is also discussed based on linear navigation functions. Similar control laws are used to control mobile formation. The collision cone approach is used for collision avoidance. Various methods are discussed in the literature to solve various problems in formation and cooperative control. The most important approaches are based on different strategies: Model-based methods and behavioral-based methods. A nice compromise would be to use model-based methods and sensor-based methods combined together ( [1] ) so that the planning and modeling are based on the sensor's information. Multi-Robot systems are used for cooperative transportation. This is a difficult task that requires coordination between agents. This problem is considered by various authors ( [6, 7, 8, 16, 17] ) . In ( [2] ), humanoid robots are used to learn and perform a cooperative transportation task. Transportation of large object is considered in ( [3] ). Stabilization is discussed in ( [6, 5, 4] ). Stability of the motion and task allocation are very important in cooperative transportation.
A potential field approach that is quite similar to the classical potential field is suggested in ( [19] ) to control a distributed autonomous multi-robot system. Here artificial force laws are defined between pairs of robots or robot groups. The authors called the method social potential field, since it deals with multiple agents. Social potential fields methods are also used in ( [20] ), where the authors particularly consider more challenging cases such as imperfect sensory input. Note that not only wheeled mobile robots are considered for formation, but other types of robots as well. For example, formation of walking robots is considered in ( [11] ), air vehicles are considered in ( [12] ). Navigation of multiple robots is also widely considered ( [9] ). Leader-follower approaches are widely used for modeling and controlling different types of formations ( [13, 14] ). Graph-based methods are widely used to model formations ( [15] ).
Our goal in this paper is to contribute to the problem of robotic formation modeling, initialization and control. We consider both static and dynamic initialization and control. Our strategy is based on the combination of the geometric rules with the kinematics equations.
Kinematics and relative geometry
Our method is based on the relative kinematics and geometry between the robots in the formation. In this section we define the geometric quantities used in modeling and controlling the robot formation. We also derive kinematics models for the robots in polar coordinates. This polar representation allows to facilitate the modeling and controlling of the formation. The working space is attached to a global reference frame of coordinates whose origin is point O. Suppose we have N robots in the formation. Robot R i (i = 1, ..., N ) is moving according to the following kinematics equationsẋ
where x i , y i represent the coordinates of the reference point of robot R i in the global reference frame of coordinates, v i represents the linear velocity of R i , and θ i represents its orientation angle in the reference frame, ω i is the angular velocity of the robot. The kinematics model given by (1) is a simple model but it captures the nonholonomic constraint. Each robot is characterized by two control inputs: the linear velocity and the orientation angle. The working space is cluttered with obstacles denoted by B i . The following geometric quantities will be used for the modeling and control.
We define the visibility line between robots R i
and R j as the imaginary straight line that starts 2. Based on the visibility line, we define the visibility angle between R i and R j . This is the angle between the reference line (positive x-axis) and the visibility line. The visibility angle is denoted by γ ij .
3. The relative distance between the reference points of the robots in the Cartesian coordinates is given by
The relative range is given by s ij . These geometric quantities are illustrated in figure 1 .
The kinematics equations in (1) represent the motion of the robots in the Cartesian frame of reference. Our goal is to derive an equivalent model in polar coordinates. Using a simple transformation of coordinates, it is possible to write
where s i is the distance from the origin to the reference point of the robot, and γ i is the visibility angle O − R i . By taking the derivatives with respect to time, we obtainṡ
Knowing that
we obtainṡ
The kinematics model given in (6) is the polar equivalent of the Cartesian model given in (1) . It is also important to note that, the visibility angle, the visibility line, and the range are defined for the obstacles too. The range between robot R i and obstacle B is denoted by s ib , and the visibility angle is given by γ ib . The pair (s ib , γ ib ) is used for the collision avoidance.
Modeling the formation
Modeling the formation is an important step in the process. The relationship between two robots in the formation is established based on two variables: the range and the visibility angle. These two variables give the relative position between the robots with respect to each other. Consider the relative velocity between R i and R j given by
In polar coordinates, the relative velocity is expressed as followṡ
where k is the speed ratio, it is given by k = 
Local leader approach
This approach is decentralized or distributed ( [10] ). The model in this case establishes a relationship between each leader and its follower. Clearly, a follower cannot have more than one leader. Each agent uses a decentralized control law to determine its motion and perform a given relative motion with respect to its local leader. This approach is more flexible and more robust to external noise. It is likely that flocks, herds, and schools perform their sophisticated motion ( [18] ) by using distributed local control paradigms.
Global leader approach
The formation has a single global leader, and a central law (or laws) for the entire system. The central unit oversees the whole system. In our approach, the formation is modeled by 2(N − 1) equations. This approach suffers from various drawbacks such as the lack of flexibility and high complexity.
Formation planning
Planning the formation deals with the shape and the interconnections between robots. The formation shape is characterized by the ranges and the angles between different elements and agents. Our kinematics model given by (8) can be easily adapted to capture any formation shape, since it is based on angle and ranges. The formation is modeled as an oriented graph G (V, E), where V = {v 1 , v 2 , ..., v n } is a set of vertices, E = {e 1 , e 2 , ..., e n } is a set of edges. Each robot can be viewed as a node in the graph. This allows to formally define formation of various vehicles while considering the uniqueness of the formation. The architecture of the formation is translated to an adjacent matrix and the formation is represented by three square matrices. The first matrix A gives the relationships or interconnections leaderfollower. The size of the matrix is n × n. The entries are either zero or one as follows: a ij = 1, if there is a leader follower relationship between R i and R j . a ij = 0, if there is no leader follower relationship between R i and R j .
The second matrix is the distance matrix. This matrix gives the range between each leader-follower. This matrix is denoted by D. The third matrix is the visibility angle matrix. This matrix gives the visibility angle between each leader-follower. This matrix is denoted by Γ. The dynamics of the formation is captured by a sequence of graph transformations, which affects matrix A. The shape of the formation is changed by changing matrices D and Γ. The graph formulation allows to split and rejoin the formation easily. It allows to add or delete robots from the formation. Also, this approach presents good properties in terms of the flexibility, where it allows to catch and support diverse formation shapes and geometries. To achieve the desired formation, we need to control the relative position, and the line of sight angle of the follower to the desired values s . Sugihara and Suzuki [21] suggested an algorithm for pattern formation where each robot has the global positions of all the others. In our approach, each robot is required to know the local position of its local leader only.
Initialization of formation
Initialization of the formation is a difficult task, especially in the presence of kinematics or dynamics constraints. Most researchers discuss the problem of formation keeping, but omit the initialization of the formation. In our approach, various geometric configurations of the formation are obtained based on the linear configuration. This approach allows to obtain complex systems from the simplest configuration (line formation). Note that even a simple line formation becomes a difficult task under the nonholonomic constraint. Figure 2 , shows two different line configurations with different orientation angles of the robots. The configuration in figure 2-b is more convenient for a robotic convoy formation. This type of formation can be easily handled by using our strategy [23] .
Our strategy for the initialization of formations of nonholonomic robots is based on a new approach called linear navigation functions [22] . For more details, the reader is referred to [22] . Let θ i0 be the initial orientation angle of robot R i , and θ if be the figure 3 , let P i be the desired position of robot R i on the formation line. The coordinates of P i in the reference frame of coordinates are (x pi , y pi ). The distance between R i and P i is given by s pi , and the visibility angle is given by γ pi . It is easy to prove that s pi and γ pi vary as
The control laws for the linear velocity and orientation angle for robot R i are given by v i = ms pi (10) and
respectively, where m > 0 is chosen such that v max > ms max , where v max and s max are the maximum values of v i and s pi , respectively. a is a real positive constant. c 0 and c 1 are constant numbers that satisfy
The first term on the right hand side in equation (11) represents a proportionality term, the second term represents a heading regulation term, and the third term gives the value of the robot desired final orientation angle. The control laws given by (10) and (11) allow to drive R i from its initial configuration given by Figure 3 : Illustration of the final desired configuration in a line formation
Note that under equations (10) and (11), we have
This state characterizes the desired final configuration. We have the following result. Proposition: Under the control laws given by (10) and (11) the robot reaches its final position P i on the formation line. Furthermore, the robot's final orientation angle is θ if = −c i . Proof The proof that R i reaches its final position on the formation line can be achieved easily by proving that (0, −c i ) is an asymptotic equilibrium point for system (9) . The closed loop system is given bẏ
The equilibrium position of the system is given by (0, −c i − c 0 e −at ). Clearly, the heading regulation terms go to zero with time, resulting in an equilibrium position given by (0, −c i ) . Our goal is to prove that this equilibrium position is asymptotically stable. The classical linearization near this equilibrium position gives the following matrix Figure 4 : Construction of a circle formation from a line formation
Since the eigenvalues of DF are negative, the equilibrium position is asymptotically stable, therefore
and the final position of the robot's orientation angle is
Line Formation
Line formation is accomplished by using the control law described above by moving the robots one after one. An algorithm for collision avoidance is integrated with the control law.
Circle formation
We construct circle formation from line formation by moving the robots one after one as shown in figure  4 . Half circle and other arc formations are similar to circle formation.
Polygon formation
Our approach is adequate for polygon formation. This is due to the fact that our approach uses angles and ranges, which can easily characterize any type of polygons. Figure 5 shows a diamond formation. The formation is characterized by angles γ 1 , γ 2 , γ 3 , and ranges s 1 , s 2 , s 3 . The goal here is to drive the robots Figure 5 : Illustration of a diamond configuration R 1 , R 2 , R 3 and R 4 to their final position in the formation, i.e., P 1 , P 2 , P 3 , and P 4 , respectively. The control laws suggested for line formation work in this case as well.
Initialization of mobile formation
Initialization of mobile formation is more difficult than static formation. A leader follower approach is used for the initialization of mobile formations. Each follower tracks its desired position with respect to its leader. Once the follower reaches its position in the formation, it follows another control law to keep the formation.
Initialization based on the direct approach
The follower knows its position in the formation, therefore it navigates towards this position, which is represented by a virtual moving point denoted by P i (t) = (x i (t) , y i (t)). The relative kinematics equations between the follower and the virtual moving point is giveṅ
where s pi , γ pi are the distance and visibility angle between the robot and the virtual moving point P i (t).
The control law for the robot follower is
The robot can reach its relative position only if it is faster than the virtual point P i .
Initialization based on the relative approach
The follower aims to reach a given position with respect to its leader. Thus, the relative equations leader-follower (8) are used. The control law in this case is given by
and
where s
is the desired relative range leader follower and −c 1 is the desired visibility angle leader-follower.
Formation control
The aim here is to control the formation to keep a given configuration. For each robot follower, we derive two control laws for the orientation and the speed.
Deviated pursuit approach
Let R i be a leader robot and R j is the follower, then the position of R j in the formation with respect to R i is described by s ij and γ ij . In the deviated pursuit approach, there is a constant angle between the line of sight and the velocity vector of the follower. This gives the follower's orientation angle as follows
where c 0 is a constant deviation angle. The second step is to design a control law for the speed of R j to keep constant distance with R i . A constant distance between R i and R j corresponds toṡ ij = 0, which gives
from which we get the control input for the velocity of R j as follows
Proportional angle approach
This approach is quite similar to the deviated pursuit; however, the follower's orientation angle is proportional to the line of sight angle that joins R j and its leader. That is
with 1 ≤ K ≤ 2. In order to keep the visibility line between the leader and the follower constant, the follower controls its linear velocity as follows
Simulation
Here, we show simulation examples to illustrate the method. Initialization and control of various types of formations is considered.
Example 1: This example shows an illustration of the initialization of a line formation, where the robots move parallel to each other. Four robots starting from different initial configurations aim to reach their final configurations with a final orientation angle equal to -45 degrees. Linear navigation functions are used to accomplish the task. This scenario is shown in figure 6 .
Example 2: Linear navigation functions are also used here to initialize a static diamond formation with a final orientation angle equal to zero. This scenario is shown in figure 7 .
Example 3: This example shows the initialization of a mobile line formation using the deviated pursuit. The same technique is used to keep the formation. This scenario is shown in figure 8. 
Conclusion
We presented a method for formation initialization, control, and keeping. Our method is based on the relative kinematics equations. The modeling is accomplished by using graph theory. The configuration of the formation is described by using three different matrices: One for the relationship leader-follower. The second one is for the range leader-follower, and the third one is for the visibility line leader-follower. Initialization of different types of formation is accomplished using linear navigation functions. The method is illustrated using extensive simulation.
